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Abstract. The unipotent variety of a reductive algebraic group G plays an impor- 
tant role in the representation theory. In this paper, we will consider the closure U 
of the unipotent variety in the De Concini-Procesi compactification G of a connected 
simple algebraic group G. We will prove that U — U is a union of some G-stable 
pieces introduced by Lusztig in [L4]. This was first conjectured by Lusztig. We will 
also give an explicit description of U. It turns out that similar results hold for the 
closure of any Steinberg fiber in G. 



Introduction 

A connected simple algebraic group G has a "wonderful" compactification G, 
introduced by De Concini and Procesi. The variety G is a smooth, projective 
variety with G x G action on it. The G x G-orbits of G are indexed by the subsets 
of the simple roots. 

The group G acts diagonally on G. Lusztig introduced a partition of G into 
finitely many G-stable pieces. The G-orbits on each piece are in one-to-one cor- 
respondence to the conjugacy classes of a certain reductive group. Based on the 
partition, he developed the theory of "Parabolic Character Sheaves" on G. 

In this paper, we study the closure U of the unipotent variety U of G in G, par- 
tially based on the previous work of [Spr2] . The main result is that the boundary 
of the closure is a union of some G-stable pieces, (see Theorem 4.3.) 

The unipotent variety plays an important role in the representation theory. One 
would expect that U, the subvariety of G, which is analogous to the subvariety U 
of G, also plays an important role in the theory of "Parabolic Character Sheaves" . 
Our result is a step toward this direction. 

The arrangement of this paper is as follows. In section 1, we briefly recall some 
results on the B x 5-orbits of G (where B is a Borel subgroup of G) and results on 
U, which were proved by Springer in [Sprl] and [Spr2]. In section 2, we first recall 
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the definition of the G-stable pieces and then in 2.6, we show that any G-stable 
piece is the minimal G-stable subset of G that contains a particular B x S-orbit. 
In the remaining part of section 2, we establish some basic facts about the Coxeter 
elements, which will be used in section 4 to prove our main theorem. In section 
3, we show case-by-case that certain G-stable pieces are contained in U. Hence a 
lower bound of U is established. 

A naive thought about U is that the boundary of the "unipotent elements" are 
"nilpotent cone" . In fact, it is true. A precise statement is given and proved in 4.3. 
Thus we obtain an upper bound of U. We also show in 4.3 that the lower bound 
is actually equal to the upper bound. Therefore, our main theorem is proved. In 
section 4, we also consider the closure of arbitrary Steinberg fiber of G in G. (An 
example of Steinberg fiber is U.) The results are similar. In the end of section 4, 
we calculate the number of points of U over a finite field. The formula bears some 
resemblance to the formula for G. 

1. Preliminaries 

1.1. Let G be a connected, simple algebraic group over an algebraically closed 
field k. Let B be a Borel subgroup of G, B~ be the opposite Borel subgroup and 
T = B n B~ . Let (ai)i£i be the set of simple roots. For i e /, we denote by 

, uii, and Sj the simple coroot, the fundamental weight, the fundamental 
coweight and the simple reflection corresponding to ctj. We denote by <, > the 
standard pairing between the weight lattice and the root lattice. For any element 
w in the Weyl group W = N{T)/T, we will choose a representative w in N(T) in 
the same way as in [LI, 1.1]. 

For any subset J of /, let Wj be the subgroup of W generated by {sj \ j e J} 
and W J (resp. J W) be the set of minimal length coset representatives of W/Wj 
(resp. Wj\W). Let Wq be the unique element of maximal length in Wj. (We will 
simply write Wq as w .) For J, K C /, we write J W K for J W fl W K . 

1.2. For J C /, let Pj D B he the standard parabolic subgroup defined by J and 
PJ D B~ be the opposite of Pj. Set Lj = Pj (~) PJ . Then Lj is a Levi subgroup 
of Pj and Pj . Let Zj be the center of Lj and Gj = Lj/Zj be its adjoint group. 
We denote by wpj (resp. tt p -) the projection of Pj (resp. PJ) onto Gj. 

Let G be the wonderful compactification of G ([DP] deals with the case k = C. 
The generalization to arbitrary k was given in [Str]). It is an irreducible, projective 
smooth G x G-variety. The G x G-orbits Zj of G are indexed by the subsets J 
of /. Moreover, Zj = (G x G) x P - xPj Gj, where Pj x Pj acts on the right on 

G xG and on the left on Gj by (q,p) ■ z = n p - (q)zivp J (p)~ 1 . Let hj be the image 
of (1,1,1) in Zj. 

We will identify Zi with G and the G x G-action on it is given by (g, h) ■ x = 
gxh~ x . 

For any subvariety X of G, we denote by X the closure of X in G. 
For any finite set A, we will write \A\ for the cardinality of A. 
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1.3. For any closed subgroup P of G, we denote by H diag the image of the diagonal 
embedding of H in G x G and by Lie(P) the corresponding Lie subalgebra of P. 
For g G G, we write 9 H for gHg~ x . 

For any parabolic subgroup P, we denote by Up its unipotent radical. We 
will simply write U for Up and U~ for Up- . For J C I, set Pj = P fl L j and 

uj = u~n Lj. 

For parabolic subgroups P and Q, define 

P Q = (PnQ)Up. 

It is easy to see that for J,K(Zl and u G J W K , Pj P = PjnAd(u)K- 

Let W be the unipotent variety of G. Then U is stable under the action of Gdiag 

and U is stable under the action of U x U and T^ag- Moreover, W = Gdi ag • U . 

Similarly, U = G diag ■ U (see [Spr2, 1.4]). 

1.4. Now consider the P x P-orbits on G. We use the same notation as in [Sprl]. 
For any J C /, u,v G W, set [J, u, v] = (P x B)(u,v) ■ hj. It is easy to see 
that [J,u,v] = [J, XjVZ -1 ], where u = xz with x G VF J and z G VFj. Moreover, 

(5 = |J j I [J,x,w]. Springer proved the following result in [Sprl, 2.4]. 

Jci xew J ,wew 

Theorem. Let x G W J , x' G W K , w,w' G W. Then [K,x',w'] is contained 
in [J,x,w] if and only if K C J and there exists u G Wk,v G VFj fl W K with 
xvu~ x ^ x' 7 w'u ^ tyw and I(w«) = l(w) + l(v). 

As a consequence of the theorem, we have the following properties which will 
be used later. 

(1) For any K C J, w G W J and v G Wj, [K, ot, v] C [J, w, 1]. 

(2) For any J C /, w, w' G W J with < u;', then [J, u/, 1] C [J, w, 1]. 

1.5. In this subsection, we recall some results of [Spr2]. 

Let e be an indeterminate. Put o = k[[e\] and K = k((e)). An o-valued point of 
a /c-variety Z is a /c-morphism 7 : Spec(o) — > Z. We write Z(o) for the set of all 
o-valued points of Z. Similarly, we write Z(K) for the set of all if-valued points 
of Z. For 7 G Z{6), we have that 7(0) G Z, where is the closed point of Spec(o). 

By the valuative criterion of completeness (see [EGA, Ch II, 7.3.8 & 7.3.9]), 
for the complete /c-variety G, the inclusion o > K induces a bijective from G(o) 
onto G(K). Therefore, any 7 G G(K) defines a point 7(0) G (5. In particular, any 
7 G U(K) defines a point 7(0) G G. Here we regard U(K) as a subset of G(K) in 
the natural way. 

We have that x G U if and only if there exists 7 G P(-ftT) such that 7(0) = x 
(see [Spr2, 2.2]). 

Let Y be the cocharacter group of T. An element A G Y defines a point in 
T(k[e, e -1 ]), hence a point p\ of T(K). Let P C G(o) be the subgroup consisting 
of elements 7 with 7(0) G P. Then for 7 G U(K), there exists 71, 72 G P, «; G W 
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and A G Y, such that 7 = 7iw^a72- Moreover, w and A are uniquely determined 
by 7 (see [Spr2, 2.6]). In this case, we will call (w, A) admissible. Springer showed 
that (w, A — w~ 1 X) is admissible for any dominant regular coweight A (see [Spr2, 
3.1]). 

For A G Y and x G W with x 1 • A dominant, we have that p\(0) = (x,x) ■ 
hi( x - 1 X)j where I(x~ 1 X) is the set of simple roots orthogonal to x _1 A (see [Spr2, 
2.5]). If moreover, (w,\) is admissible, then there exists some t G T such that 

(U x U)(wxt,x) ■ ^/(jb-ia) C £7. 

2. THE PARTITION OF Zj 

2.1. We will follow the set-up of [L4, 8.18]. 

For any J C I, let P J be the set of parabolic subgroups conjugate to Pj. We 
will write B for P . For P G P J , Q G V K and u G J W K , we write pos(P, Q) = u 
if there exists g G G, such that 3 P = Pj, 9 Q = "P K . For J, J' G I and y G J '\V J 
with Ad(y) J = J', define 

Z y j = {(P, P', 7) I P G P J , P'e? J ', 7 = tfp,<7tfp, pos(P', »P) = 

with the G x G action given by (g u g 2 ) ■ (P, Q, 7) = ( Sl P, 32 P', ^tfi" 1 )- 

To ^ = (P,P',7) G Z^, we associate a sequence (J fc , J' k ,u k ,yk, Pk, P k ,lk)k^o 
with J fc , J£ C /, Wfc G y fe G J ^^,Ad(2/ fc )J fc = J' k , P k G P Jfc ,P^ G Vj> k ,-y k = 
U P ^gUp k for some g G G satisfies pos(P k , 9 P k ) = u k . The sequence is defined as 
follows. 

P = P,Pq = P',70 =7,^o = J, Jo = J',uo = pos(P^,P ),yo = y. 

Assume that /c ^ 1, that P m , P^, 7 m , J m , J' m , u m , y m are already defined for m < k 
and that u m = pos(P4, P m ), P m G Pj m , P^ G Pj^ for m < k. Let 

J fc = J fc _i n Ad(y^i 1 ti fc _i) J fc _i, Jfc = Jfc-i n Ad^^^-i) Jfc-i, 
^ = 9 k --i( 9k - 1 Pk-i) iPL - lPk - 1) 9k-i e V Jk ,P' k = Pfir 1 G Pj^ 

where 

(7fc_i G 7fc_i is such that 9k ~ 1 P k -i contains some Levi of P k -i fl P k _ l7 

u k = pos(Pfc,Pfc),y fc = u^yk-ulfk = U P > h g k -xUp h . 

It is known that the sequence is well defined. Moreover, for sufficient large n, 
we have that J n = J' n = J n +i = Jn+i = • • • and u n = u n+ i = • • • = 1. Now we 
set (3{z) = u ui ■ ■ -u n , n > 0. Then we have that (3(z) G J 'W. By [L4, 8.18] and 
[L3, 2.5], the sequence (J k , J k , u k , y k ) k ^o is uniquely determined by (J, (3(z),y). 
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The map w i— > yw 1 is a bijection between W J and J '\V. For iy G M /J , set 

Z v JiW = {zeZ*\l3(z)=yw- 1 }. 

Then (2j !1J ) meI yj is a partition of into locally closed G-stable subvari- 
eties. For u; G W J , let ( J^, J' k , Uk, Uk)k^o be the sequence uniquely determined 
by (J, Then (P, P',7) i— > (Pi,P{,7i) define a G-equivariant map i? : 

2.2. Let J C I. Set = Zj ™" and J* = Ad(«; «^)J. For iu G W J , set 
wj = wqWqW~ 1 . The map iu i— > wj is a bijection between VF* 7 and J *VF. For any 
io G W J , let 

Zj, w = {z e Zj | = wj}. 

Then (Zj )W ) weW J ls a partition of Zj into locally closed G-stable subvarieties. 
Let ( Jfc, J^,, ttfc, yk)k^o be the sequence determined by (J, wj, wqWq) (see 2.1). As- 
sume that J n = J' n = J n +i = Jn+i = ■ ■ ■ and w n = it n +i = • • • = 1. Set vq = wj 
and w fc = u^Vk-i for fe G N. By [L4, 8.18] and [L3, 2.3], we have u k G J '*W Jh 
and Uk+i G Wj k for all fc > 0. Hence Vk+i G VFj fe for all fc ^ 0. Moreover, it is 
easy to see by induction on fc that yk = VkW. In particular, w = y n G Jn W Jn , 
Ad(w)J n = J n and w normalizes P fl Lj n . We have the following result. 

Lemma 2.3. ifeep #ie notation of 2.2. Let z = (Pj,™/ 1 Pj*,w'^ 1 Up J ,wjwbUp J ), 
where b G ^"'^ 1 (U Pjl nUj^^-^Up^ nU Jn _ 2 ) ■ ■ A" 1 (U Pjl fW Jo )T or 

J n J n-1 1 

b G B. Then z G Z JjW . 

Proof. For any k, set P k = Pj k ,P k = ^ Pj> ■ Then 



'fc 

-1 ■ -1 



P k r\P' k = P Jk n P Jjt = w *+i(P Jfc n P 4 ). 

Note that u- 1 G J <^. Then L Jfc n ^Lj, = Lj^.-^j, = Lj, +i . Thus 
=+ 1 Lj^ +i = v k+i(L Jk n ^ Lj> k ) is a Levi factor of P fc n P^. Moreover, we have 



fe+i 



P ' C fel ^V) --i C fel fV) --i --i 
Pk k =Pj k k = v ^(Pj k ' fc ) = v ^Pj k n Ad ^)r k = v ^Pj, 

pfPk _v k l (P r k Pjk) ) _v k 1 (P r kp -'k) ) _v k 1 p Ti a i/ w 

_ ^Ad(y k )(JknAd(y k 1 u k )Jk) _ ^Ad(y k )J k+1 

If b G P, then set = w6, 7 fc = U Pk g k U Pk and z fc = (P k ,P k ^ k ) for all fc. In 
this case, **+iLj/ = ™y*ULj, = ™L Jk+1 C ™P fc = 3fc P fc . Thus 3fe P fc contains 

fc — |- 1 fc -J- 1 
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some Levi of P k HP^. Moreover, 

i ,.-1 ■ -i ■ -i . -i 

g~ l { 9k P k ) {k PAd ^k)J k + l) g k = ^ d( y k )J k+1 ) = b-^pj* F ^(y k )J k + 1 ^ 

_ b^ 1 p _ b" 1 p _ p 

r J k nAd(y- 1 )Ad(y k )J k+1 Jk+i r Jk+i • 

Therefore, ^{zk) = z k+ \. 

If b = (w n - 1 v- 1 b n v n w- n+1 ) ■ ■ ■ {v^ 1 b 1 v 1 ){w n tw- n ), where bj G U Pj , nU Jj _ 1 

3 

for 1 ^ j ^ n and t G T, then set 

a fc = (^-^"X^-^) • • • (v^b k v k )(w n+1 - k tw- n - 1+k ). 

In this case, set g k = wa k+1 , ^ k = U P ^g k U Pk and z k = (P fc ,P^7fc)- For 
j > 0, J j+1 = Jj n Ad^-JjJ,- and G Wj.. Thus »L Jj+1 = L C 

^Lj. = Lj.. Then wJ *^+^ Jfe+J C L Jk+ . C L Jfe . So a k+1 G P fc . Thus 
fl,fe Pfc = w P k contains some Levi of Pj k [~) Vk Pj^. Moreover, 

9 k \ 9k P k f k PAd ^ J ^ } g k = a ^Pj k+1 . 

Thus #(z fc ) = (Q,Q',y), where Q = a ^Pj k+1 , Q' = ^Pj' k+1 and 7 ' = 

U Q >g k Un. Note that ^Up. C Q' and T C Q'. Moreover, for j > 1, 

fc+i 

^"Wj^ C ^L Jk+3 C ^L Jfe+1 = *£ii> + i Ljk+1 = <-L JUx C Q'. Thus 
a k+1 G Q'. Hence, z k+1 = (a k+1 ,a k+1 ) -^(z k ). 

In both cases, i9(z k ) is in the same G orbit as z k+ \. Thus 

= /?(z ) = uiP(zi) = ■■■ = uxu 2 ■■■u n = w J . □ 
Remark. 1. From the proof of the case where b G B, we can see that 

^(Pj** 1 Pj.,wj 1 U Pj .wjwbU Pj ) = (Pj n ,Pj n ,Up Jn wbU Pjn ). 

This result will be used to establish a relation between the G-stable pieces and the 
B x S-orbits. 

2. The fact that (Pj, w J Pj* ,ibj Upj^wjtubUpj) is contained in Zj jW for any 
b e rWj^r"" 2 ""-^, rWj„_ 2 ) • • (U Pjl nU Jo )T plays an 

™ n-l 1 

important role in section 3. We will discuss about it in more detail in 3.1. 

2.4. Let ( J n , J' n , u n , y n )n^o be the sequence that is determined by wj and wqWq. 
Assume that J n = J' n = J n +i = Jn+i = • • • and u n = u n+ i = ■ ■ ■ = 1. Then 
z i— > $ n (z) is a G-equivariant morphism from Zj jW to l and induces a bijection 
from the set of G-orbits on Zj w to the set of G-orbits on Z^ , . 
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Set L JjW = L Jn and C JjW = wL J)W . Let N G (Lj }W ) be the normalizer of L J>W in 
C Then Cj )10 is a connected component of AT G (Lj )W ) and ih^ 1 is a fibre bundle 
over P J ™ with fibres isomorphic to Cj jW . There is a natural bijection between 
Cj jW and F = {z = (Pj„, Pj n , 7 n ) \ z G 2fj n x } under which the action of L J)W on 
Cj, w by conjugation corresponds to the action of Pj n /Up Jn on F by conjugation. 
Therefore, we obtain a canonical bijection the set of G-stable subvarieties of Zj jW 
and the set of Lj TO -stable subvarieties of Cj jW (see [L4, 8.21]). Moreover, a te- 
stable subvariety of Zj jW is closed if and only if the corresponding Lj TO -stable 
subvariety of Cj iW is closed. By the remark 1 of 2.3, for any b G B fl Lj jW , the 

G-orbit that contains (Pj, w j Pj* , wb) corresponds to the L j^-orbit that contains 
wb via the bijection. 

2.5. Since G is adjoint, the center of P/U p is connected for any parabolic subgroup 
P. Let Hp be the inverse image of the (connected) center of P/Up under P 
P/Up. We can regard Hp /Up as a single torus Aj independent of P. Now Aj 
acts (freely) on Zjhy 5 : (P, P', 7) 1— > (P, P', 72) where z G Pp represents 5 G A j. 
The action of G on Zj commutes with the action of Aj and induces an action 
of G on Aj \ Zj. There exists a G-equivariant isomorphism from Zj to Aj \ Zj 
which sends ((71,(72) • to ( 32 Pj, 9l Pj, U 91P - g 1 g2 1 H a2 pj). We will identify Zj 

with Aj \ Zj. 

It is easy to see that Aj(Z JyW ) = Z JjW . Set Z J;W = Aj \ Z J>t0 . Then 

Z/ = |_| z JjW . 

wew J 

Moreover, we may identify Aj with a closed subgroup of the center of Lj w . Set 
Lj jW = Lj jW / Aj and Cj jW = Cj jW /Aj. Thus we obtain a bijection between the set 
of G-stable subvarieties of Zj iW and the set of L j TO -stable subvarieties of Cj jW (see 
[L4, 11.19]). Moreover, a G-stable subvariety of Zj jW is closed if and only if the 
corresponding Lj^-stable subvariety of Cj tW is closed and for any b G BC\Lj jW , the 

G-orbit that contains (Pj, w - J Pj* , wb) corresponds to the L j^-orbit that contains 
wbAj via the bijection. 

Proposition 2.6. For any w G W J , Zj jW = Gdi ag • [J,w, 1]. 

Proof. By 2.3, (w, b) ■ hj G Zj :W for all b G B. Since Zj )W is G-stable, 
G diag [J,w.l] C 

^ J,w ■ 

For any 2; G Zj w , let C be the Lj TO -stable subvariety corresponding to Gdiag • z 
and let c be an element in Cj :W such that cAj G C. By 2.2, w normalizes BC\Lj iW . 
Thus c is Lj il( ,-conjugate to an element of w(Bf]Lj iW ). Therefore, z is G-conjugate 
to (w, b) ■ hj for some b G B fl Lj, w . The proposition is proved. □ 

Proposition 2.7. For any w G VF' 7 , Zj jW = Gdi ag {wT, 1) • hj. 
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Proof. Since (wT, 1) • hj C Z J}W and Zj jW is a G-stable closed variety, we have 
that G diag (wT, 1) • hj C Z JjW . 

Set X = «) • /ij | f 6 T, m G £7}. For any u G and t 6 T, we have that 

Adf/wt) -1 ?/ G C/j and u G ™E/j C U. Consider the map <fi :™ C/j x T — > X defined 
by <f)(u, t) = (u, u)(wt, 1) • hj = (wt, (wt)~ 1 uwtu~ 1 ) ■ hj, for u G w Uj, t G T. 

It is easy to see that there is an open subset T' of T, such that the restriction 
of </> to ™Uj x T is injective. Note that dim(X) = dim(T) + dim(£//£/ Pj ) = 
dim(T) + dim(t/j) = dim(™Uj x T). Then the image of is dense in X. The 
proposition is proved. □ 

Remark. This argument was suggested by the referee. 

2.8. For w G W, denote by supp(ty) the set of simple roots whose associated 
simple reflections occur in a reduced expression of w. An element w G W is called 
a Coxeter element if it is a product of the simple reflections, in some order, or in 
other words, |supp(iu)| = l(w) = We have the following properties. 

Proposition 2.9. Fix i G /. Then all the Coxeter elements are conjugate under 
elements ofWi_^y. 

Proof. Let c, c' be Coxeter elements. We say that d can be obtained from 
c via a cyclic shift if c = s^s^ • • • Si n is a reduced expression and d = s^cs^. 
It is known that for any Coxeter elements c, c', there exists a finite sequences of 
Coxeter elements c = Co, c±, . . . , c m = d such that Ck+i can be obtained from Ck 
via a cyclic shift (see [Bo, p. 116, Prop. 1]). 

Now assume that c = s^s^ ■ ■ ■ Si n is a reduced expression of a Coxeter element. 
If %\ 7^ i, then s^cs^ and c are conjugated by G Wi_^y. If zi = i, then 
SijCSij = Si 2 Si 3 • • • Si n c(si 2 Si 3 ■ ■ ■ Si„) _1 . Therefore, if a Coxeter element can be 
obtained from another Coxeter element via a cyclic shift, then they are conjugated 
by elements of Wj_^y. The proposition is proved. □ 

Remark. The proof of [loc. cit] also can be used to prove this proposition. 

Proposition 2.10. Let J C I and w G W J with supp(iu) = /. Then there exist 
a Coxeter element w' , such that w' G W J and w' ^ w. 

Proof. We prove the statement by induction on l(w). 

Let % G / with SiW < w. Then SiW G W J . If supp(siw) = /, then the statement 
holds by induction hypothesis on SiW. Now assume that supp(siio) = I — {i}. By 
induction, there exists a Coxeter element w' of Wi_^y, such that w' G W J ~^ 
and w' ^ SiW. Then siw' is a Coxeter element of w and siw' ^ w. 

Since w' G (w') -1 ^ is either ctj or a non-simple positive root. We 

also have that w' is a Coxeter element of Wi_^y. Thus if (w') _1 o;i = ojj, then 
< ctj, aj >= for all j ^ i. It contradicts the assumption that G is simple. Hence 
(w')~ 1 ai is a non-simple positive root. Note that if Siw' W J , then Siw' = w'sj 
for some j G J, that is, (w')~ 1 ai = ctj. Therefore, SiW 1 G W J . The proposition is 
proved. □ 
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Corollary 2.11. Let i E I, J = I — {i} and w be a Coxeter element of W with 
w E W J . Then \Jkcj LLew* su PP («;')=/ Zk ^' C 

Proof. By 1.4, [K,wv,v] C [J, tu, 1] for K C J and w G Wj. Since Zj jW is 
G-stable, (v^wvT, 1) ■ h K c By 2.9, (u/T, 1) • ^ C Z J>W for all Coxeter 

element to'. By 2.7, -Zk,™' C Zj jW for all Coxeter element w' with «/ G W K . 
For any u G W K with supp(-u) = 7, there exists a Coxeter element «/, such that 
«/ G W K and < u. Thus by 1.4, we have that [K, u, 1] C Z J;W . By 2.6, 
^Ji> C Z J)W . The corollary is proved. □ 

Remark. In 4.4, we will show that the equality holds. 

3. Some combinatorial results 

3.1. Fix i G I. Define subsets Ik of I for all k G N in the following way. Set 
I\ = {i}- Assume that I k is already defined. Set 

I k +i = {«j | j G I - Llf =1 Jj, < ojJ, o m >^ for some m G 4}. 

It is easy to see that if ji,j2 G with j\ ^ j 2 , then < aj 1 ,a'j 2 >= 0. Thus 
s ^ = rij-gij. s j i s well-defined. For sufficiently large n, we have I n = I n +i = • • • = 
and si n = sj n+1 = • • • = 1. Now set w fc = s/„sj Tl _ 1 • • -s/ fc for fc G N. We will 
write m; j for u;i. Set J_i = I and Jo = J = I — {i}. Then w J is a Coxeter 
element and w J G VF J . Let (J n , J' n ,u n ,y n ) be the sequence determined by w J 
and wqWq . Then we can show by induction that for k ^ 0, Jk = Jk-i — Ik+i, 
Uk = WQ k ~ 1 WQ k s Ik+1 WQ k+1 WQ k , y k = w J k ~ 1 WQ k s Ik si k _ 1 ■ ■ ■ s h and J' k = Ad(y k )Jk- 
In particular, J n = 0. Thus L Jw j = T and C Jw j = w J T. Since w is a Coxeter 
element, the homomorphism T —> T sending t G T to (w J )~ 1 tw J t~ 1 is surjective. 
Thus L J w j acts transitively on Cj jW j. By 2.5, G acts transitively on Z Jw j. 

For /c G N, we set = WQ k ~ 1 WQ k w^ 1 . Then it is easy to see that 

Vk \u P] , nu Jk _ 1 ) = Wk ^(u p rw-j. 

k J k 

Therefore by 2.3, for b G """Wi (U p - n Z/J _ ) • • - Wa (C/p- n *7J)T, we have 

that (w J b, 1) ■ hj E Z Jw j. 

In the rest of this section, we will keep the notations of J, Jfc, w J and -u^ as 
above. We will prove the following statement. 

Proposition. Let X be a closed subvariety ofG satisfying the following condition: 
for any admissible pair (w, A) and x G W with x~ x X is dominant, there exist some 
t GT, such that Gdi ag (U x U)(wxt, x) • ft/^-i^ C X. Then Z Jw j C X. 

An example of such X is £/. There are some other interesting examples, which 
we will discuss in 4.5. The proof is based on case-by-case checking. 
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Remark. The outline of the case-by-case checking is as follows. 
For A G Y, we write A > if A G ^orf • 

We start with the fundamental coweight . Find x G W that satisfies the 
conditions (1) xu>^ ^ and (2) for / G /, either [s\ — l)xu^ ^ or sixuS^ ^ 0. 
Such x always exists, as we will see by case-by-case checking. The elements xlo( 
that we obtain in this way are not unique, in general. Fortunately, there always 
exists some x G W that satisfies the conditions (1) and (2) and allows us to do 
the procedures that we will discuss below. 

In the rest of the remark, we fix such x. Since xojY G Y, there exists n G N, 
such that nxuj^ is contained in the coroot lattice. Set A = nxojY . Now we can 
find v G W such that (v,X) is admissible. (In practice, we find v G W with 
l(v) = |supp(v)| and — vX ^ 0. Then we can use lemma 3.2 to check that if (v, A) 
is admissible.) By the assumption on X, Gdi ag (U x U)(vxt,x) ■ hj C X for some 

teT. 

In some cases, x~ x vx = wj. Since wj is a Coxeter element, (wjT, 1) • hj = 
T dtag (wjt, l)-hjC X. By 2.7, Zj, Wj C X. 

In other cases, the situation is more complicated. We need to choose some 
u G U, such that (uvxt,x) ■ hj G Z J)WJ . This is the most difficult part of the 
case-by-case checking. The lemma 3.3 and lemma 2.3 will be used to overcome the 
difficulties. 

Throughout this section, we will use the same labelling of Dynkin diagram as in 
[Bo]. For a, b G /, we denote by S[ aj &] the element SbSb-i ■ • • s a of the Weyl group 
W and 8[ atb ] = s b s b -i ■ ■ ■ s a . (If b < a, then s[ a>6 ] = 1 and S[ 0>b ] = 1.) 

Lemma 3.2. Let x = s^s^ • • ■ Sj n with |supp(:r)| = n. Then (1 — x -1 )^ = 
if k i {ii,i2, • • • ,*n} and (1 - x -1 )^ = • • • s ij+1 «V . Thus (x, A) is 

admissible for all X G £)™ =1 N Si„Si„-i • • • ^+1°^- • 

The lemma is a direct consequence of [Bo, p. 226, Ex. 22a], which was pointed 
out to me by the referee. 

Lemma 3.3. Let w,x,yi,y2 G W and t G T. Assume that y\ = s^s^ • • • s^, 
V2 = s il+1 s il+2 ■■■s il+k with k + l = |supp(yiy 2 )|- If moreover, < af^a^ >= 

for all 1 ^ h < l 2 ^ I and (1 - yiy 2 )xu^ , (1 - y\)wujV G J2j=i H>o a i > #&en 
t/iere exists u G C/_ ffi -i Qi U_ w -i aii ^ ■ ■ - U_ w -i aii fc swc/i (x -1 it;itt, 1) • /ij G 
G d iag{U x */)(«;*, yiy 2 aO • frj- 

Proof. We have that (1 — y\y2)xoj( = — ' ' ' Sii+fe^ 1 ^- Note that 

zi,Z2, • • • , ifc+z are distinct and (1 — • • • Si l+k xu^ G Rct^. for all j. Hence 

(1 - s ij )s ij+1 ---s il+k xuj'/ G R>oa^. for all j, i. e., < • • • s ik xu^ , a ij >G 
R >0 . Therefore • • • s^ +i U ai s ij+1 ■ ■ ■ s il+k x C U Pj . Similarly, we have 

that w^U-a. w G Up- for j ^ /. 
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There exists it,- G t/ a . and it' G U- a . such that UjSi.Uj = it'-. Note that 
u[u' 2 ■ ■■u' l+k _ 1 G L/_ {i(+fe} , w z+fc G U Pl _ {ii+k} and i -1 ui + fca; C E/pj. Thus 

u'iu'2 ■ --u'l+kX = u x u 2 ■ ■ ■ u l + k _ x u l + h h ik u l + h x G U Pl _ iik} u x u 2 ■ •■u l+k _ 1 s ik xU Pj 
C Uu 1 u 2 ---u' l+k _ 1 s ik xU Pj . 



We can show in the same way that u\u' 2 • • • u' l+k x G Uyxy^xUpj. Therefore, 
(wt, u[u 2 • • • u'i +k x) ■ hj G (U x U)(wt, yxijix) • hj. Set it = w^u'^u'^ ■ • • u' lJrk w 
and it' = t -1 ^ -1 ^'^ • • -u'^wt G t/p-. Then 



(x 1 wut,l) ■ hj = (x 1 wutu , 1) ■ hj = {x 1 {u' 1 u 2 ■ ■ ■ u' l+k ) 1 wt, 1) • hj 
e G diag (U x t/)(ii;t, yiy 2 i) • ^j- □ 



3.4. In subsection 3.4 to subsection 3.7, we assume that G is PGL n (k). Without 
loss of generality, we assume that i ^ n/2. In this case, w J = S[j +1)n _ 1 ]S^ 1 i j. For 
any a G R, we denote by [a] the maximal integer that is less than or equal to a. 

For 1 ^ j ^ i, set a, = [(j — l)n/i]. For convenience, we will set a i+ i = n — 1. 
Note that for j ^ z — 1, [jn/z] — [(j — l)n/i] ^ [n/z] ^ 2. Therefore, we 

have that = ai<ai + l<a2<a2 + l<---<ai<ai + l^ a^+i = n — 1. Now 
set 6 = 0. For k G {1, 2, . . . , n — 1} - {a 2 , a 3 , . . . , aj - {a 2 + 1, a 3 + 1, . . . , a* + 1}, 
set 6 fc = z. For j £ {2,3,... , z}, set & aj = (j - l)n - ia k and 6 aj+ i = z - b aj . In 
particular, 6 n _i = i. 

Now set v = s [oi+ i )a2 _j 6o3i0 ]S [o3+1>O3 _j 6oai0 ] • • •S[a i+ i, ai+1 -« 6o . +ii0 ], where 5 a>b is 
the Kronecker delta. Set vj = s [a . +lja . +l] s [a . +1+1 , a . +2] ■ ■ ■ s [a . +lja . +l] for 1 ^ j ^ z. 

Set A = Y? j= i Efc=i 1_aj ^+fe(s[a,+i,« i +n]"j+i)" 1 afl j+ fc- It is easy to see that 
forl^a^&^n — 1 and 1 ^ k ^ n — 1, 



E?=a-i«z V 5 iffc = a-l; 

"E?=a«z V 5 ifA; = a; 

if a < < 6; 
c# + c# +1 , if A; = 6+1; 

a^, otherwise . 



If b aj +k ^ 0, then (s[ a +i >a +fc _i]S[ a +i >0 j ] • • • S[ ai +i,a i+1 ]) 

J +^ 

(s^.+i^.+fc-iji^+i) -1 ^ % 3 -2 5 ( v ^) is admissible. 
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We have that 



A _ Y ha i+ kV 3 + l S [a j + \,a j +k-l} aW a j +k + Y ba 3 + ^ V 3 + l S [a) + l,a j+1 -l] a a j+1 

3 = 1 k=l j=l 
i dj+i—dj—l k i — 1 a j + i~ a j+l «i 

= Y Y J^K+k^+i + J^K+i Y a a J+ i+K+i Y 

3 = 1 k=l 1=1 j = l 1=1 1=1 

i dj+i—cij k i — 1 



t 3~r L 3 " 

= Y Y Y b ^+ k °^3+i + Y b ^+^3+i+i 

j=l k=l 1=1 j=l 
i a j + l~ a j a j + l~ a j i — 1 

= Y Y Y K+^l+i + Y^+^+i+i 

3 = 1 1=1 k=l j = l 

i a i + l _a j 

= Y Y {( a 3+i- a 3 - l ) i + b a ]+1 )aa ]+ i + {(a 2 -l)i + b a2 )a^ 

3 = 1 1=2 

i 

+ Y( ba i + ^ + 1 ~ a i ~ 2 ^ + ba o+i + b a3+l) a a j+ l 
3=2 
i a j + 1 -aj 

Y Y {^ a 3 + l- a 3- l ) i + b a ] + 1 )(^ aj+ l 
3 = 1 1=1 



Note that a 3 - ^ j for j ^ 2. Set x t = 1 and xj = s [j+1 ^ j+l] s [j+2 , aj+2 ] • • • S[i, ai ] 
for 1 ^ j ^ i — 1. If j = 1, we will simply write x for x\. 

Lemma 3.5. For 1 ^ j ^ i, we have that 
3-1 a j + i 

nx 3^ = Y l ( n ~ + Y n ~ il ) a ? 

1=1 l=j 

i a k + l~ a k 

+ Y Y (i a k+i- a k-l)i + b ak+1 )a^ k+l . 
k=j+i i=i 

In particular, nxuSf = Y,)=i YA=i~ aj (( a j+i ~ a j ~ 0* + b a J+1 )ct^ +l . 

Proof. We argue by induction on j. Note that nw( = X^=i^( n ~~ a z V + 
Y^i=i i( n ~ a z V - Thus the lemma holds for j = i. 

Note that jn — i(aj + /) = jn — iaj + i +i(aj + i — aj — /) = b a . +1 +z(a J+ i — aj — /). 
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Assume that the lemma holds for j. Then 

j-iu>i = Sfo aj] l (n - + ti n - il ) a i 

1=1 l=j 

i Q.fe + 1— ak 

+ Y Y {( a k+i-a k -l)i + b ak+1 )a^ k+l 

k=j+i i=i 

j-2 ", 

^l(n - i)a w L + (j - l)(n - i) ^ a i ~ j( n ~ l ) Y a ? + Y ^ n ~ 

1 = 1 l=j-l l=j 1=3 + 1 

+ (jn - i( aj + 1)) {a w a . + c%. +1 ) + Yl ^ n ~ il )<*i 

l=aj+2 

i a-k + l—a-k 

+ Y Y (i a k+i-ak-l)i + b ak+1 )a w ak+l 
k=j+i i=i 

j-2 ";, dj a; 

^/(n-z)a z v + (j-l)(n-z) ^ ~ j( n ~ l ) Y a ? + Y ^ n ~ 

1 = 1 1=3-1 1=3 1=3 + 1 

i «fc+i— «fc 

+ (jn-i{aj + l))cta i +Y Y (i a k+i- a k -l)i + b ak+1 )a^ k+l 

k=j 1=1 

j-2 aj 

Kn ~ *K + U -l)(n- + ^((j - l)(n - i) - j(n - i) + jn - i(l + l))a? 

1=1 l=j 
i «fc+i— o-k 

+ Y Y (i a k+l- a k-l)i + ba k+ i) a a k +l 
k=j 1=1 

j — 2 aj i ak + i—ak 

^/(n-z)a z v + Y (U - 1 ) n ~ il ) a 'i +Y Y (( a k+i ~ a k -l)i + K k+1 )aia k +i- 

1=1 1=3-1 k=j 1=1 

Thus the lemma holds for j. □ 
Lemma 3.6. We have that x~ x v\x = w J . 

Proof. If a 3 > j + then s^ a . +i] s [a . +1 , a . +l] = s^ l a .,. If j > 2 and 



a, < j + 1, then j = 2, aj = 2 and s^s^+i^] = 1 = In conclusion, 

s bli,a J+1 ] s K+i,a i+ i] = ^ii, a ,] for 3 > 2 - Moreover, s^ a2] s [ai+1>a2 ] = s x . Thus 



S [2^ 2 ]' f; l S [2,a 2 ] = S[ 2 ^ 2 ] «[a 1 + l,a 2 ] ^ 2«[2,a 2 ] = SlV 2 S [2 , a2 ] = U 2 SlS[2,a 2 ] = ^ 2«[3,a 2 ] Sl«2- 
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S [j+l,o J -+i] l 'j S b'+1.0j] S [l,j] S b'+l>Oj + l] = S [j+l,a j + 1 ] S {a j + l,a J + 1 ] V j+l S {j + l,a :j ]Sl 1 jf[j + l,a j + 1 ] 

= S \j+l,a j ] V j+ lS \J+ha j ] s [l,j] s [j+l,a j+1 ] 
= V j+1 S^ j] S [j+2ja . +l] S j+1 = V J + 1 S [j+ 2, aj+1 ]S^ j + 1] . 

Thus, we can prove by induction on j that x~ x v\x = x J lv j s [j+i, aj ] s \i j] x j f° r 
1 ^ j ] ^ i- In particular, x~ x v\x = S[i+i jn _i]S^ ^. The lemma is proved. □ 

3.7. By 3.4 and 3.5, there exists t 6 T, such that ({7 x U)(vxt,x) ■ hj d X. 
Consider K = {cij \ b aj = 0}. Then for any G K with j 7^ j', we have that 
|j — j'\ ^ 2 and < aj, ay >= 0. Set y = YljeK s r Then y is well-defined. Note 
that (1 - y)yxujy, (1 - y)vxu^ G Ej 6 ^ R >o«J • By 3.3, (x^yvxt, 1) ■ hj G X. 
Therefore, {x~ x yvxt, 1) • hj G X. By 3.6, x~ x yvx = x~ x v\x = w J . Therefore, 

fll^0. By 3.1, G acts transitively on Z Jw j. Therefore Zj^j C X. 

3.8. In this subsection, we assume that G is of type C n and set 

fl, if 2 I z; 
\ 0, otherwise. 

Set v = s n - i+1 s n - i+ s ■ ■ ■ s n _ e , x 1 = s [n 1 _ in _ 1 ]S [n 1 _ i _ 1)n _ 2 ] ■ ■ -s^^ and x 2 = 
s7\ * iS~r\ 1 • • • sT 1 ■ , o i- Set A = al ,-,o + • • • + ai ,. Then we 

[n+e— l,n\ [n+e — 6,n\ [n— i+2,n\ n—t+1 n—l+6 n—e 

have that (y, A) is admissible. 

Now set A' = ^ j&I mm(i,j)a] G Nw t v . Set x hj = s^. +1 ^s^j^ • • • 
for % — 1 ^ j ^ n — 1, s. Then we can show by induction that x±jX' = 
Efc=i + » Er= J+2 «/ V - In particular, x^ = £* =1 ka n-i+k- 

For ^ 3^ (i + e - l)/2, set x 2 , 3 = s7^_^ 2jM s^_ i+2j _ 2M • • • sj^+a^. Then 

we can show by induction that x^xxX' = E£=o a n-;+i+2fc + Ez=? J ^n-i+2 J+ /- 
In particular, we have that x 2 x± X' = A. Therefore, there exists t G T, such that 
(t/, U)(vx 2 xit, x 2 xi) ■ hj C X. 

Now set yi = s n+e _is n+e _ 3 • • • s n _; and y 2 = S[i >n _i_i]. For 1 ^ j ^ n - i - 1, 
set /9fc = — (vx 2 xi)~ 1 ak = —a.k+i- Thus by 3.3, there exists u G Up 1 Up 2 ■■■Up ri _ i , 
such that {x\ x x^ 1 y\y 2 vx 2 x\ut, 1) • hj E X. 

For ^ 3 ^ (i + e - l)/2, set 

^2,j = s [l,n— i] l s n— i+2S n — i+4 ' ' ' s n— 

It is easy to see that S[ n _ i+2 j , n ]V 2 j s~^_ i+2 - n j = v 2 j-i- Therefore, we can show 
by induction that x^yiyivxi = x 2 jV 2 jx 2 j for ^ j ^ (i+e — 1)/2. In particular, 
x 2 1 yiy 2 vx 2 = s [hn _ i]S -^-_ i+ln] . 

For % - 1 ^ j ^ n - 1, set = S[i,j-i + i]S[j + 2,n]S^i i+2 ,j + i]- Then we 
have that S[j-i+i i j]t'i,jsri i+1 i = Therefore, we can show by induction 
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that x x 1 S[ lin _ i ]S [ J_ i+l n] x 1 = x 1 jV ljj x 1J for i - 1 ^ j ^ re - 1. In particular, 
X2 1 ymvx 2 = S[i+i,r*]«[iji] = 

Moreover, = <^_ fc+1 (-a n _i) = Since 

n-ke Jn-i-k-i - Jn-i-fc, £fo c »"- I - fe - 1 ^-,- fc+ i(t/ p „ n ^7„_ i _ fe _ 1 ). By 

^ n — i — k 

3.1, (x± x^ yiii2VX2Xiut, 1) • hj E Z Jw j. Therefore, C X. 

For type S n , we have the similar results. 

3.9. In subsection 3.9 and 3.10, we assume that G is of type D n . In this subsection, 
assume that i ^ re — 2. 

If 2 | i, set v = s n -iS n -i +2 ---s n -2, A = a^_ t + a^_ i+2 + h a y n _ 2 and 

X = ( S [n-l,n] S [n-3,n] ' ' ' S [n-i+1 ,n] ) ( S [n-i-l,n-2] S [n-i-2,n-3] ' ' ' 

If 2|Z, Set V = • • S n _l)s n , A = E!l^ 3)/2 «n-i+2Z + 1 / 2 («n-l+«n) 

and a; = (S[ n _ 2 , n ] s [ n _4, n ] • • • S[ n _ i+1 ^)(S[ n _ i _ ljn _2] s [ n - i -2 ;n -3] ' ' ' s [i,i]) - 

By the similar calculation to what we did for type C n _i, we have that in both 
cases (v, A) is admissible and x _1 A = a;/. Moreover, by the similar argument to 
what we did for type C n -i, we can show that Z Jw j C X. 

3.10. Assume that i = n. Set 

1, if 2 | [n/2]; 
0, otherwise. 



e = 



If 2 f re, set v = s n+e - 1 (s 1 s 3 ■ • •s n _ 2 )s n - e , x = s n+e _i(s [n 1 _ 3 n] s [ „ i , , • 



-3,n]°[n-5,n] ' ' ' S [2]n]) S i 

and A = f a^_ e + |a^ +e _ 1 + Ej=o 3 ^ 2 a 2j+i- Then A = 2xu^ and (v, A) is admis- 
sible. Set y = S2S4 ■ ■ ■ s n -3. Then (vxt, ■ hj E X for some t E T. By 3.3, 
(x^yvxt, 1) • hj E X. Since x~ x yvx = s n _iS^ 1 n _ 2 jS n = Zj 5W j C X. 

If 2 I re, set v = (sis 3 • • • s n _ 3 )s n _ e , A = a^_ e + E?=o~ 2 "1+27 and 



'1+2J 

S2S4, if re = 4; 

-1 „-i „-i 



Sn-2Sn+e-i(s [n _4, n ]V_6,„] ' ' ' s [2,n] K-i > otherwise. 

Then A = 2xc<;^ and (v, A) is admissible. Therefore, there exists t E T, such 
that (U,U)(vxt,x) ■ hj C X. Set yi = S2S4 • • • s n _2, 2/2 = Sn+e-i and /3 = 
-(i)x) _1 a n+e _i = — a n /2- By 3.3, there exists u E Up and t E T, such that 
{x~ 1 yiy2vxut, 1) ■ hj E X. 

It is easy to see that x~ x y\y2vx = s n _is^ 1 n _ 2 jS n = w J and 



-Z)f=i a l> if re = 4; 



1 - Er=n/2-i a h otherwise. 
Note that J = I - {re} and J x = I - {re - 2, re}. Thus C/g C ™ 2 (£7 p - n E/yj. 
By 3.1, 

Similarly, Z^^^-i^^ C X. 



16 



XUHUA HE 



3.11. Type G 2 . 

Set v = Si, x = w J and A = a{ = xuj^ . Then (v, A) is admissible. Set y = ss-i, 
then (x~ lr yvxt, 1) • hj £ X for some t £ T. Note that x~ lr yvx = w J . Therefore, 
Zj, w J C X. 

3.12. Type F 4 . 

If i = 1, then set t> = S2, a; = and A = a 2 = xu\ . Thus (v, A) is 

admissible. Set y\ = S1S3, 2/2 = £4 and (3 = — (vx)~ 1 a4 = — (a 2 + o^)- Then 
there exists u £ Up and t E T, such that (x~ l yiy 2 vxut, 1) ■ hj £ X. Note that 
x~ x y\y 2 vx = w J and w^ 1 P = — (a 2 + 2ct 3 + ai 4 ). By 3.1, Z JjW j C X. 

If 2 = 2, then set v = S1S3, a = S2W 2 and A = a\ + = xu\. Thus (v, A) is 
admissible. Set y = s 2 S4, then (x^yvxt, 1) • hj £ X for some t £ T. Note that 
x~ x yvx = w J . Thus Z ]w j C X. 

If z = 3, then set v = S2S4, x = S3W 2 and A = Iol^ + a\ = xuj^ . Thus (v, A) is 
admissible. Set y = S1S3, then (x^yvxt, 1) ■ hj £ X for some t £ T. Note that 
x~ x yvx = w J . Thus -Zj^j C X. 

If z = 4, then set v = S3, x = S1S4W 2 and A = = xu^. Thus (y, A) is 
admissible. Set z/i = S2S4, 1/2 = «i and /5 = — (vx)~ 1 ai = — (a 2 + 203). Then 
there exists u £ Up and t £ T, such that {x~ 1 yiy 2 vxut, 1) ■ hj £ X. Note that 
x~ x y\y 2 vx = w J and iu^ 1 /? = — («i + 2ct2 + 2ct 3 ). By 3.1, Z JjW .t C X. 

3.13. Type £? 6 . 

If z = 1, then set v = S1S5S3S6, x = sis^ssSiSqW 7 and A = a\+2a^ +a$ +2«g = 
3^0;^. Thus (f , A) is admissible. Set y\ = S4, 2/2 = £2 and /5 = — (vx) -1 ^ = 
— (as + «4 + 05). Then there exists u E Up and t ET, such that (x~ 1 yiy 2 vxut, 1) ■ 
hjEX. Note that x~ x yiy 2 vx = w J and w 2 ~ 1 P = — (a 2 + a 3 + 2a 4 + ct 5 + a 6 ). By 
3-1, -Zj^j C X. 

Similarly, Z/_{g} )S2SlS3S4S5S6 

If z = 2, then set v = S4, a; = 52538584 S2 - w^ and A = CK4 = acu^. Thus (v, A) 
is admissible. Set yi = S2S3S5, 1/2 = Pi = — (i>a) _1 ai = — (0:4 + 0:5) and 

Pi = — (fa) _1 o;6 = — («3 + ^4)- Then there exists u £ Up 1 Up 2 and t £ T, such 
that (x^ijiy^xut, 1) ■ hj £ X. Note that x~ x y\y 2 vx = w J ', w 2 ~ 1 Pi = — Xw=3 a z 
and zw^ 1 ^ = — (cki + «3 + «4 + 0:5). By 3.1, Z Jw j C X. 

If z = 3, then set w = S3S6S1S4S5, a = S2S3S4S1S3ZW J and A = 2a( +0^3+ ?>a( + 
5tt5 +ctg = 3x^3 . Thus (v, A) is admissible. Set y = s 2 , then (x^yvxt, l)-hj £ X 
for some t ET. Note that x~ x yvx = w J . Thus C X. 

Similarly, Z/-{5}, S2SlS3S4S6S5 C X. 

If z = 4, then set v = S2S3S5, x = S4 L {w J ) 2 and A = + CI3 +5«5 = xuj^ ■ Thus 
(v, A) is admissible. Set y = sis^sq, then (x^yvxt, 1) • hj £ X for some t £ T. 
Note that x~ x yvx = w J . Thus Z JjW j C X. 

3.14. Type £ 7 . 

If z = 1, then set w = S4, a = S3SiS2S5S4«3SiS7(w J ) 2 and A = a( = xu\ . Thus 
(v, A) is admissible. Set y\ = S3S2S5 , y 2 = sis^Sf, Pi = — (vx)~ 1 ai = — Xw=3 a ^ 
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P2 = —(vx) 1 ct6 = — (a 4 + 015) and (3s = — (vx) 1 «7 = — (a.2 + ^3 + Q^)- Then 
there exists it G Up 3 Up 2 Up 1 and t E T, such that (x~ 1 y\y2vxut, 1) • /ij G A\ 
Note that x~ x y\y2vx = w J , w^ 1 fi\ = —a.4 — Y^i=i a ^ w 2 ~ 1 f32 = — Y^d=2 a i an< ^ 
w 3 " 1 («; ,7 )~ 1 /33 = ~(«2 + «4 + «5 + «6)- By 3.1, C X. 

If % = 2, then set v = S2S3S5S7, a; = S4S2Sr(w J ) 3 and A = a^ + 2a^ + 0^ +0^ = 
2x^2- Thus (v,X) is admissible. Set y = S1S4SQ. Then (x~ x yvxt, 1) • hj E X for 
some £ G T. Note that x~ x yvx = w J . Thus C X. 

If z = 3, then set i> = S2S3S5, x = siS4S3Sr(w J ) 3 and A = a\ + «3 +0^5 = xu>^ ■ 
Thus (t>, A) is admissible. Set y\ = S1S4SQ, y2 = S7 and (3 = —(vx)~ 1 aj = — (0:4 + 
as). Then there exists u G Up 3 Up 2 Up 1 and t G T, such that (x~ 1 yiy2 / uxut, l)-hj G 
X. Note that x~ x y\y2vx = w J and w^ 1 f3 = — (ct2 + «4 + «5 + «6)- By 3.1, 

-Zj,™- 7 C X. 

If z = 4, then set v = S1S4SQ, x = S2S3S5S4(w J ) 3 and A = a\ + 2a\ + a$ = xu\. 
Thus (v, A) is admissible. Set y = S2S3S5S7. Then (x~ x yvxt, 1) ■ hj E X for some 
£ G T. Note that x~ x yvx = w J . Thus Z Jw j C X. 

If z = 5, then set w = S2S3S5S7, a; = ^se^zy 7 ) 3 and A = a^ + 2a^ + 3a§ + a^ = 
2xu§ . Thus (v,X) is admissible. Set y = S1S4SQ. Then (x~ lr yvxt, 1) • hj E X for 
some t ET. Note that x~ x yvx = w J . Thus Z Jw j C X. 

If z = 6, then set v = S4SQ, x = siS5SjSq(w j ) 3 and A = a^ + aig = xwg . Thus 
(v, A) is admissible. Set y± = S2-S3S5S7, z/2 = si and /3 = — (zjx) _1 ai = — (0^3 + 04 + 
0:5). Then there exists u E Up and t E T, such that (x~ x i)\i)2vxut, 1) ■ hj E X . 
Note that x~ x y\y2vx = w J and w^ 1 f3 = —04 — Xw=i By 3.1, Z Jw j C X. 

If z = 7, then set w = S2S5S7, a; = S6S7S4S5S6S7Si(?x; J ) 2 and A = a\ + a§ + Oj = 
2xixhj . Thus (v,X) is admissible. Set y± = S4S6, yi = S3S1, (3i = — (vx)~ 1 as = 
— (as + a.4 + 0:5) and #2 = —(vx)~ 1 a\ = — («2 + «4 + «5 + «6)- Then there 
exists u E Up 2 Up 1 and t E T, such that (x^yi^vxut,!) ■ hj E X. Note that 
x- x y x y2vx = w J : w^ 1 j3 x = -a 4 - Ya=\ a ^ w^ 1 (w J )- 1 p 2 = -"4 - ELi a i- B y 
3-1, Z Jw j C X. 

3.15. Type E 8 . 

If z = 1, then set v = S4S6, x = ssSiS2S5S4SsSiS8(w J ) 5 and A = a^ +«6 = ^"^l 7 - 
Thus (f, A) is admissible. Set yi = S2S3S5S7, y2 = siss, /5i = —{vx)~ l a\ = 
— ct4 — Yli=2 a i an d P2 = — (fx) - as = — J2i = 3 ai. Then there exists u E Up 2 Up 1 
and t G T, such that {x~ x y\y2vxut, 1) ■ hj E X . Note that x~ x y\y2vx = w J , 

W^ 1 'Pi = — «4 — «5 — X][=2 an( ^ M; 2" 1 /52 = —0^4 _ Sf=2 Q! '- By 3.1, ^j jW J C X. 

If z = 2, then set v = S2S3S5S7, x = S4S2S7Ss(w J ) 6 and A = a^ +a^+a^ + a^ = 
xu>2 ■ Thus (v, A) is admissible. Set y = s\S4SqSs- Then {x~ x yvxt, 1) • hj E X for 
some t ET. Note that x~ x yvx = w J . Thus Zj C X. 

If z = 3, then set v = S2S3S5S7, x = siS4S3S7Sg(w J ) 6 and A = a^ + a^ + 2a§ + 
Oj = XU3 . Thus (zj, A) is admissible. Set y = siS4SqSs- Then (x^yvxt, l)-hj E X 
for some t ET. Note that x~ x yvx = w J . Thus Z Jw j C X. 

If z = 4, then set w = S1S4S6S8, x = S2S5S3S4Ss(w J ) 6 and A = a\ + ?>a\ + 2a$ + 
«8 = xuX ■ Thus (v, A) is admissible. Set y = S2S3S5S7. Then (x^yvxt, l)-hj E X 
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for some t G T. Note that x~ x yvx = w J . Thus Z Jw j C X. 

If z = 5, then set v = S2S3S5S7, x = S4SqSs(w j ) 6 and A = + 2a^ +2a^ = 
xu>§ . Thus (v, A) is admissible. Set y = sis 4 sqSs- Then (x^yvxt, 1) ■ hj E X for 
some t E T. Note that x~ x yvx = w J . Thus Zj w j C X. 

If z = 6, then set w = S1S4S6, a; = siss^se^" 7 ) 6 and A = a\ +2a\ + ctg = xcug. 
Thus (t>, A) is admissible. Set y\ = S2S3S5S7, 1/2 = $8 and /3 = — (vx)~ 1 as- Then 
there exists u E Up and t E T, such that (x~ 1 yiy2vxut, 1) ■ hj £ X. Note that 
x~ x y\y2vx = w J and w^ 1 ^ = —a 4 — Ef=i a i- By 3.1, -Zj^j C X. 

If z = 7, then set v = S2S3S5, a; = sqs-jSss 4 S5SqSj(w j ) 5 and A = a\ + + a)- = 
X1J7 . Thus (v,X) is admissible. Set y\ = s\s 4 sq, y% = /3i = — (vx) -1 ^ = 

— (as + a 4 + Q15) and /?2 = — (f:r) _1 a;8 = — («2 + «4 + «5 + ct^). Then there 
exists it G UfoUfo and t G T, such that (x^yi&vxut, 1) ■ hj E X. Note that 

x~ 1 y 1 y 2 vx = w J ', w^Pi = -a 4 - Ez=i a z an d w^" 1 ^" 7 ) -1 ^ = -«4 - Ef=i 
By 3.1, Z JjW j C X. 

If z = 8, then set i> = S4, x = sis^SQSrSsiw 7 ) 5 and A = = . Thus 
(v,X) is admissible. Set z/i = S5S2S3, j/2 = S1S6S7S8, (5\ = — (vx)~ 1 ai = —a 4 — 
YA=2 a ii = -(vx)~ 1 a 6 = -(0:3 + a 4 + 0:5), P 3 = -(ra) _1 a 7 = w J /3 2 and 
(3 4 = — (vx) _1 a8 = (w J ) 2 /32- Then there exists -u G Up 4 Up s Up 2 Up 1 and £ G T, 
such that (x~ 1 yiy2vxut, 1) ■ hj G X. Note that x~ x y\y2vx = w J , w^fii = 

- ESU a * ^ ELl ««» U^/fe = ~«4 - ELl «I> 1 ( wJ ) _1 ^3 = -"4 - Ef=l 

and w 4 ~ 1 (w J )~ 2 P4 = — a 4 — Ef=i a z- By 3-1, -Zj,™-' C X. 

4. The explicit description of U 

4.1. We assume that G 1 is a disconnected algebraic group such that its identity 
component G° is reductive. Following [St, 9], an element g G G 1 is called quasi- 
semisimple if gBg~ x = B, gTg~ x = T for some Borel subgroup B of G° and some 
maximal torus T of B. We have the following properties. 

(a) if g is semisimple, then it is quasi- semisimple. See [St, 7.5, 7.6]. 

(b) Let g G G 1 is a quasi- semisimple element and T\ be a maximal torus of 
ZQo(g) , where Zco(g) is the identity component of {x G G° \ xg = gx}. Then 
any quasi- semisimple element in gG° is G° -conjugate to some element of gT\. See 
[L4, 1.14]. 

(c) g is quasi- semisimple if and only if the G°-conjugacy class of g is closed 
in G 1 . See [Spa, 1.15(f)] for the if-part, the only-if-part is due to Lusztig in an 
unpublished note. His proof is as follows. 

Proposition(Lusztig). Let g G G 1 . Let claog be the G° -conjugacy class of g. 
Assume that clQog is closed. Then g is quasi- semisimple. 

Proof. The proof is due to Lusztig. 

By [St 7.2], we can find a Borel subgroup B such that gBg~ x = B. Let clsg be 
the B-conjugacy class of g. Since clsg C claog and claog is closed, we see that the 
closure of clsg is contained in claog. By [Spa 1.15(e)], the closure of clsg contains 
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a quasi-semisimple element. Hence clQog contains a quasi-semisimple element. 
Hence g is quasi-semisimple. □ 

4.2. Let pi : G — > GL{Vi) be the irreducible representation of G with lowest 
weight — Ui and pi : G P(End(V^)) be the morphism induced from pi (see [DS, 
3.15]). Let Af be the subvariety of G consisting of elements such that for all i G i", 
the images under pi are represented by nilpotent endomorphisms of VJ. We have 
the following result. 

Theorem 4.3. We have that 

U-U = N=\_\ □ Z JtW . 

J<~I wEW j ,supp(w)=/ 

Proof. By 2.11 and the results in section 3, we have that 

□ □ Zj, w dU-U. 

J^I wEW J ,supp(w)=I 

For i G I, let Xi be the subvariety of _P(End(V;)) consisting of the elements 
that can be represented by unipotent or nilpotent endomorphisms of Vi. Then Xi 
is closed in P(End(Vi)). Thus, pi(z) G Xi for z EU. Moreover, since G is simple, 
for any g G G, pi(g) is represented by an automorphism of Vi if and only if g G G. 
Thus if z G U — U, then pi(z) is represented by an nilpotent endomorphism of Vi. 
Therefore U - U C Af. 

Assume that w G W J with supp(iu) ^ I and AfnZj^ w ^ 0. Let C be the closed 
£ j, unstable subvariety that corresponds to Af fl Zj^ w . We have seen that w is a 
quasi-semisimple element of Nq(Lj jW ). Moreover, there exists a maximal torus 
T\ in Zl Jw (w) q such that Ti C T. Since C is an Lj^-stable nonempty closed 
subvariety of Cj }W , wt G C for some t G T\. Set z = (wt, 1) • hj. Then z G Af. 

Since supp(io) 7^ /, there exists i G / with i ^ supp(tu). Then —wuji = —Ui. 
Let v be a lowest weight vector in V,. Assume that pi(z) is represented by an 
endomorphism A of V. Then Av G Thus z ^ Af. That is a contradiction. 

Therefore Af C Ujc 7 LLew^,s upP (»)=/ The theorem is proved. □ 

Remark. Let G = PGL^k) and I = {1,2,3}. Then the theorem implies that 
z {i,3}, S2 s lS3 s 2 C U. By 2.5, we can see that £{i,3},a 2 «i«3*2 contains infinitely many 
G-orbits. Therefore U contains infinitely many G-orbits. 

Corollary 4.4. Let i G / and J = I — {i} and w be a Coxeter element ofW with 
w G W J . Then = \J K cJ LLew* sup P («;')=J Zk ^'- 

Proof. Note that Z JjW C U fl (UkcJ^) - Since U and \_\ KcJ Z K are closed, 
^ C W n (Ukcj Z ^) = UxcjU^e^.suppK)^^'- Therefore b y 2 - n . 
= Ukcj \-\ w 'ew K ,su PP (w')=i Zk,w>- □ 
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4.5. Let a : G T/W be the morphism which sends g E G to the VF-orbit in 
T that contains an element in the G-conjugacy class of the semisimple part g s . 
The map a is called Steinberg map. The fibers of a are called Steinberg fibers. 
The unipotent variety is an example of Steinberg fiber. Some other interesting 
examples are the regular semisimple conjugacy classes of G. 

Let F be a fiber of a. It is known that F is a union of finitely many G- 
conjugacy classes. Let t be a representative of a(F) in T, then F = Gdi ag • tU 
and F = Gdi ag • tU (see [Spr2, 1.4]). It is easy to see that t(U — U) C Af. 
Thus F — F = Gdiag • t(U — U)c Af. Therefore, if (w, A) is admissible and x~ x • A 
dominant, then there exists some t' e T such that (U x U)(wxt' ,x) - hii x -i\\ C tU. 
Thus by 2.11 and the results in section 3, \Jjc T Uwew? ,su PP (w)=i Z J,w C F — F. 
Therefore, we have 

F-F = Af=[_\ |J Z J)W . 

J<~I wE W J ,supp(iu)=J 

Thus F — F is independent of the choice of the Steinberg fiber F. As a conse- 
quence, in general, F contains infinitely many G-orbits (answering a question that 
Springer asked in [Spr2]). 

4.6. For any variety X that is defined over the finite field F q , we write \X\ q for 
the number of F g -rational points in X. 

If G is defined and split over the finite field F g , then for any w G W J , \Zj }W \ q = 
\G\ q q~ l W (see [L4, 8.20]). Thus 

\Zj, w \ q = \G\ q q- l ^\q - l)-"- J l = ( <f iu) )(.Q ~ iy J W iw0W) - 

uew 

Set L(w) = {i G I | wsi < w}. Then iu e VF J if and only if J C L(wqw). 
Moreover, if u; ^ 1, then L{wqw) ^ I. Therefore 



wi* = £ E i^i« = (E^ (w) )E E (?-i) |J| ^ H 

J/^raeW' , ,supp(ra)=7 iceW J// n;e W J ,supp(w)=7 

= E E E q l(wt)W \q-l) lJl 



wEW supp(u))=7 JcL(wqw) 

= E E ^( wow )+i l ^° w )i. 

uiEVK supp(w)=/ 



Remark. Note that \G\ q = E» 6 H'9 i(ra) E rae w^°'" )+|L( '" '" )I ( see [ DP > 7 - 7 D- 
Our formula for \U — U\ q bears some resemblance to the formula for \G\ q . 
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